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e Thermal Radiative Transfer (TRT) equations

e describe propagation and interaction of photons with the
surrounding material

e are challenging to solve due to the stiff non-linearity and
high-dimensionality of the problem

o TRT applications at LANL include simulations of
e Inertial Confinement Fusion (ICF) experiments
e astrophysical phenomena, such as collapsing stars

(a) ICF (b) supernova

Figure: TRT applications
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e Advantages, compared to the deterministic case

e easier to extend to complex geometries and higher dimensions
e easier to parallelize

e Disadvantages

e Monte Carlo solutions to IMC equations exhibit statistical
variance and IMC convergence rate is estimated to be

O(1/V/N,)

where N, is the number of simulation particles
e Even when advanced variance reduction techniques employed,
Monte Carlo simulations
® require a very large number of simulation particles
e exhibit slow convergence
® prone to statistical errors
o Implicit Monte Carlo codes are typically very large, long running
codes with large memory requirements at checkpointing &
restarting
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Project Goal: use parametric Machine Learning methods in order to
reduce memory requirements at checkpointing & restarting in the
IMC simulations of Thermal Radiative Transfer using

o Expectation Maximization and Weighted Gaussian Mixture
Model-based approach for ‘particle-data compression’,
introduced in Plasma Physics to model Maxwellian particle
distributions by Luis Chacon and Guangye Chen

o FExpectation Maximization with Weighted Hyper-Erlang Model in
order to compress isotropic IMC particle data in the frequency
domain

e Expectation Maximization and von Mises-Fisher Mixture Model
for compression of anisotropic IMC particle data in the angular
domain (work-in-progress)

Note: weighted Gaussian mixture models have been used at LANL in the
simulations of radiographic X-ray sources (see ‘A maximum likelihood method for

linking particle-in-cell and Monte-Carlo transport simulations’, Kevin J. Bowers,
Barbara G. Devolder, Lin Yin, Thomas J.T. Kwan, (2004)).
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TRT Equations

Consider 1-d Transport Equation without physical scattering and
external sources, in the Local Thermodynamic Equilibrium (LTE):

101,  al, 1
ot Thgx tovle=50vB (1)

coupled to the Material Energy Equation

CV%—I://JV/UdVdM—/U,,BudV (2)

where the emission term

2h18 1
B,(T)= T2 o (3)
is the Planckian (Blackbody) distribution and

o |, = I(x, u, t,v) - radiation intensity

e v - frequency, T - temperature

e o, - opacity, ¢, - material heat capacity

e k - Boltzmann constant, h - Planck’s constant, ¢ - speed of light
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LDG-based Deterministic Solution
Backward-Euler discretization in time

1 /1) — () G, 1 4
- =" 7/(n+1) I(n+1) _ = T(n+1)
¢ an THoax to gac

Linear Discontinuous Galerkin (LDG) discretization, with basis
functions defined in spacial cells i = 1,... n.:

I(Xaua t) = IO ¢0(X) + Il (bl(x)
Po(x) = (Xig1/2 — x)/Ax,  ¢1(x) = (x = x;_1/2)/Ax

Discrete Ordinates (Sn) discretization in angle pt = pim
1
E(x,t) = p Zwm (1% do(x) + I, 41(x))
where w,,, are the Gauss-Legendre quadrature weights

Temperature term © = a T* can be represented as follows

O(x, t) = ©° ¢o(x) + ©' d1(x)

(7)
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Discretization of the Material
Energy Equation

With Backward-Euler discretization in time
. Ti("+1) _ Ti(")
Py At

(mi1yd
+oac T’( )

—ocE'=0, i=0,1 (8)
and the following representation of temperature

T(x,t) = T%(x) 4+ Ttp1(x) (9)

We obtain a non-linear system of equations that can be solved via the
Newton's Iteration in this simple case

]:(T(k))
(k+1) — (k) (k) (k) — _2\° ")
T =T 46TV, 6TV = F(T0)
(k) — T(k=1)
F(T(k)) =pc, T AZ_ +03CT(k)4—JCE (10)
FI(TW)Y = P& 4gacTW® =0,

At
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Ao e Implicit Monte Carlo Method of

Fleck and Cummings
Transport Equation

L ol + Ol + (0pa + cu™
~ 7, THGFT Ova Uus L = Uva u,
c Ot 8x (11)
01,5 (bu/op) // oy by dv' dp
Material Temperature Equation (T" = T(t,) = T(t), t, <t < tp1)

tht1
o Tl=c¢, T”—fopcAtuf-i-f/ dt//U,/ by dv'dp (12)

o f=1/(1+apfcAto,) - Fleck factor

0,2 = f o, - effective absorption opacity

ous = (1 — f) o, - effective scattering opacity

e u, - radiation energy density, b,(T) - normalized Planckian

op = [ 0, b, dv - Planck opacity
a€[0,1] s.t. u, ~au™ + (1 —a)u”; 8= 0u,/Oun
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On each simulation time step
e Particle Sourcing — calculating total energy in the system from
different sources due to the
e boundary conditions and initial conditions
e external sources and emission sources
o Particle Tracking — tracking distance to an event in time:

e distance to the spacial cell boundary
e distance to the end of the time-step
e distance to the next collision

e Tallying - computing sample means of such quantities as

e energy deposited due to all effective absorptions
e volume-averaged energy density
o fluxes

o Calculate next time-step temperature approximation T"1
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(a) LDG solution in slab geometry

IMC solution, 6x = 0.005, 6t = 1e-11, ~4e+6 particles
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(b) IMC solution in slab geometry
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The concept of an IMC particle

e An IMC particle is a simulation abstraction representing a
‘radiation energy bundle' characterized by
e the energy-weight (relative number of photons represented by an
IMC particle)
e spacial location
e angle of flight
e frequency group it belongs to

e On each simulation time step t, < t < t,;1 an IMC particle can
undergo the following events:
e escape through the boundaries
e get absorbed by the material
[ ]
°

scattering / re-emission
survive (particle goes to census at tyy1)

e Surviving particles are called census particles and have to be
stored in memory to be reused on the next time-step

Can we ‘learn’ the probability distribution function describing census
particles at the end of each time-step and store in memory only this
distribution?
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o Expectation Maximization (EM) is an iterative method for
estimating parameters from probabilistic models. It is typically
applied to the Finite Mixture Models

P(x,0 Zp, (x,0 (13)

o F(xj,0i) - pdf with the parameter vector 6;
e x; - data points from the sample X" = (x1, x2, ..., Xn)
e pj - probability of F(x;,6;) in the mixture Y7, p; =1

e EM algorithm alternates between the Expectation and
Maximization steps:
e Expectation (E) step - computing priors (probabilities)
e Maximization (M) step - updating model parameters 0; that
maximize expected Likelihood function

L(X") :ZmZPiF(Xj,ei) (14)
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e A Hyper-Erlang Model H(v, «, 3) is a mixture of Erlang
distributions £(v, a, 5):

m m
1 1 u
Z P E(Vi, ouc, Br) = Z Pk (1) A e
k=1 k=1 k :
where
e {v1,...,vn} is an iid data sample

e «y > 0 - integer shape parameter, B > 0 - real scale parameter

o Expectation Maximization priors

e = pr E(vi, e, Bi)
S Pk E(vi a, Br)

o Maximum Likelihood parameter estimates

Doy Vik Vi D1 Vik
K = ’_ni’ kzil_ 7k:].,...7n7 16
B xS P . (16)

i=1

ooy, k=1,...m (15)
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In the LTE emission term in the Transport Equation is given by
the Planckian B,

Frequency-normalized Planckian density function
B,(T) 15 3

[ B(T)dvy  w* T*(e¥/T —1)

b,(T) = (17)

There are no closed-form EM estimates of T for b,(T) mixtures

Can we model Planckian-like distributions with Erlang mixtures?

e Erlang distribution

Ew,o, T) = o v (18)
G T (1) Teer/T
e Consider Erlang distributions with shapes o = {3,4}
1 v 1 v
E(v,3, T):EW’ E(v,4, T):aw (19)
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— Planckian
—— Erlang(v, 3, B3)
—— Erlang(v, 4, Bs)

(a) Planckian and Erlang pdf

—— Planckian
010 — Hyper-Erlang(v, , B)

v
13 5 10 15 20

(b) Hyper-Erlang pdf (o = {3, 4}-mixture)

Figure: Planckian frequency data sample size: 200,000
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IMC particles in group g are characterized by the same average
frequency, i.e. have the same likelihood to be drawn from g

Cumulative energy-weight w8 = Jnﬁgl wf of npg particles in g is

the relative number of photons represented by all particles in g

Weighted Log-Likelihood of the Hyper-Erlang IMC Model

n

n]] (Zpk 5(Vg7ak,5k)> => wEInY pE(vg, o B
g=1 \k=1

g=1 k=1

Weighted Maximum Likelihood / EM parameter estimates

 pkE(vg, ax, Br)
Yek = m
Zk:l Pkg(l/g>ak7/8k)
n n
_ g=1 gx g o g=1 /8
8 D g1 WE Vek Y, > g=1Vek
k — — ~n_ 5 Pk = n

Qg Zg:l wé ’ng ’ Zg:l wE

, g=1....n k=1...m
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pdf
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Weighted Hyper-Erlang Model for
compressing IMC particles

« IMC data
—— Normalized Planckian, T=100

—— Weighted Hyper-Erlang

0

L - < energy
500 1000 1500 2000

Figure: Planckian IMC data sample from the time step to = 0 (initial
temperature To = 100, 500 groups), Normalized Planckian b,(T) at

T =100 and the Hyper-Erlang Model H(v, a, ) of the sample with 20
mixture elements.

Note: for x ~ b,(T) and y ~ H(v, a, B): ||x — y||oo = 6.2 x 107
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Table: Parameters of the Hyper-Erlang Model of the Planckian IMC data
sample with initial temperature To = 100 from the time step to = 0.
Shape parameters «ay are fixed, scale parameters 5x model radiation

temperature and k =1,2,...,20.

Pk Qg Bk

0. 1 358.246
0.0248371 2 182.592
0.2026990 3 97.1897
02191770 4  71.5419
0.1673600 5 73.3836
0.1283270 6 69.3727
0.0927585 7 64.5944
0.0622957 8 61.4264
0.0394477 9 60.4135

0.0244054 10 60.7461
0.0151412 11 61.0587
0.0094205 12 60.8283
0.0058112 13 59.8523
0.0035262 14 58.2133
0.0020989 15 56.3901
0.0012253 16 54.7773
0.0007035 17 53.6442
0.0004003 18 53.2266
0.0002299 19 53.6196
0.0001359 20 54.2246
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e von Mises-Fisher distribution on a sphere in RP:
(P21

& (AT x)
e 20
(2’/T)p/2l/2 ]_( ) ( )

MF(x, A, k) =

x € RP, ||x]| =1 - random vector

A, ||A]l =1 - mean direction parameter vector

Kk > 0 - the concentration parameter

In() - the modified Bessel function of the first kind of order n

e von Mises (Tikhonov / Circular Normal) distribution on a circle
for random angle 6 € [0,2 )

elv cos (0—¢)

2w /()(Ii)

where mean angle ¢ € [0,2 ) and concentration k > 0.

e when concentration k = 0, M(0, ¢, k) is isotropic in angle
e the larger is k, the more concentrated is M(0, ¢, k) around ¢

M0, ¢, k) = (21)
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Amna Matsekn von Mises distribution on a circle
el <os (0—09)
0 -
pdf
0,
06 — k=5
k=3

\K 0

-3 -2 -1 1 2

angle 6, rad

Figure: Probability density function of the von Mises distribution for the
angle € [—m, 7] and mean angle ¢ =0
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MLE parameter estimation for

von Mises distribution
Consider angular data sample

(Or,...,0,).
Let s =>""sin6;, ¢ =) "cosf;. Then the MLE of the mean angle

¢ is defined as follows:
arctan(s/c), ¢>0,s>0
arctan(s/c)+2m, ¢>0,5<0
7/2, ¢=0,s>0, 37/2 ¢=0,5<0
arctan(s/c)+m, ¢<0

¢ = (22)

The MLE of the concentration x can be approximated as follows:

20R+R*+0.83R%, R<0.53
ka~{d —04+139R+0.43/(1.0 - R), 0.53 < R <0.85
1/(R*-40R*+3R), R >0.85,

where R = /s + ¢?/n is the normalized resultant (Fisher, 1993).
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for von Mises Mixtures

If we define ‘mixture sin’ and ‘mixture cos’

n n
Sk = E Vik sinf;, Gk = E ik €os B;
i=1 i=1
we can rewrite EM estimates ¢, of the mean angle as follows:

arctan(8x /&), & > 0,5 >0

arctan(§k/6k) +2m, Ck>0,5 <0

i = 7/2, & =05 >0, 37/2 & =0,5 <0
arctan(8, /&) + 7, & <0
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for von Mises Mixtures

We can now define ‘normalized mixture resultant’

Y )
R, — VSi + ¢,
k — n
Zi:l Vik
‘normalized mixture sin’ and ‘normalized mixture cos’

. Sk Cx
sin ¢, = R Cos P = Re

and the mixture concentration parameter can now be estimated as
5

6
Rk ™ —0.4 4 1.39R, +0.43/(1.0 — Ry), 0.53 < Ry < 0.85

1/(R} —4R% +3Ry), Rk >0.85

2Rk +Ri + = RS, Rk <0.53
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isotropic angular IMC data

VMM(@, A, &) pdf

- von Mises Mixture Model

000 6, Rad (IMC data)
0.0 05 1.0 15 20 25 3.0 35

Figure: Angular IMC data distributed isotropically on [0, Pi], fitted to the
learned 4-component von Mises Mixture Model

Pk Dk Kk
0.25 1.5667 0.0
0.25 1.5667 0.0
0.25 1.5667 0.0
0.25 1.5667 0.0

Table: Learned parameters of the 4-component von Mises Mixture Model.
Log-likelihood error estimate § = 9.3e — 10.
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anisotropic angular IMC data

VMM(8, A, ) pdf

250
200
150 — von Mises Mixture Model
100

50

6,Rad
10 15 20

Figure: 4-component von Mises Mixture Model of IMC data equally
concentrated around 7/4 ~ 0.785398 and 27/3 ~ 2.0944
(estimates from the 15th EM iteration step)

Pk Dk Kk
0.47435413 0.785398 1493507.3
0.02537341 1.056737 3.68
0.02448313 1.784607 3.48

0.47578933  2.094395  2242910.4

Table: Parameters of the 4-component von Mises Mixture Model
(estimates from the 15th EM iteration step)
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o Memory usage reduction during the code checkpointing and
restarting steps is of great importance in the IMC simulations

e Innovation: storing only parameters of the probability
distributions of census particles in place of the data structures
describing them in order to reduce IMC storage requirements

e Innovation: Expectation Maximization and Weighted
Hyper-Erlang Models can accurately model Planckian and
therefore are appropriate for compression of isotropic IMC
census data in the frequency domain in LTE

e Innovation: We are currently researching applicability of the
Expectation Maximization and von Mises-Fisher Mixture Models
for compression of anisotropic IMC census data in angle



